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SYMMETRIC NUMERICAL SEMIGROUPS FORMED BY
CONCATENATION OF ARITHMETIC SEQUENCES
RANJANA MEHTA, JOYDIP SAHA, AND INDRANATH SENGUPTA
ABSTRACT. Given integer e ≥ 4, we have constructed a class of sym-
metric numerical semigroups of embedding dimension e and proved that
the cardinality of a minimal presentation of the semigroup is a bounded
function of the embedding dimension e. This generalizes the examples
given by J.C. Rosales.
A numerical semigroup Γ is a subset of the set of nonnegative integersN,
closed under addition, contains zero and generates Z as a group. It follows
that (see [6]) the set N \ Γ is finite and that the semigroup Γ has a unique
minimal system of generators n0 < n1 < · · · < np. The greatest integer not
belonging to Γ is called the Frobenius number of Γ, denoted by F (Γ). The
integers n0 and p+1 are known as the multiplicitym(Γ) and the embedding
dimension e(Γ), of the semigroup Γ. The Ape´ry set of Γ with respect to a
non-zero a ∈ Γ is defined to be the set Ap(Γ, a) = {s ∈ Γ | s− a /∈ Γ}.
Let e ≥ 4 be an integer. It is still not known whether the cardinality
of a minimal presentation of a symmetric numerical semigroup Γ with em-
bedding dimension e is a bounded function of e. This was answered in
affirmative by Bresinsky for e = 4 in [1], and for certain cases of e = 5
in [2]. Rosales [7] constructed numerical semigroups for a given multiplic-
ity m and embedding dimension e, which are symmetric, and showed that
the cardinality of a minimal presentation of these semigroups is a bounded
function of the embedding dimension e. Our aim is to construct similar
classes of numerical semigroups by introducing another parameter d in
Rosales’ construction. The value d = 1 gives nothing but Rosales’ con-
struction and therefore our results generalize Rosales’ results. We construct
numerical semigroups Γ(e,q,d)(S) and Γ(e,q,d)(T ) of embedding dimension
e in 1.1, and prove that both are symmetric in 1.3. We also prove that
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µ(Γ(e,q,d)(S)) = µ(Γ(e,q,d)(S)) =
e(e−1)
2
− 1; see 1.6. We will see that both
S and T have the following form: m,m+d, n, n+d, n+2d, . . . , n+(e−3)d,
for suitable positive integers m,n, d. It is clearly a concatenation of two
arithmetic sequences with the same common difference d. Moreover, with
suitable condition on these integers we can make sure that this concatena-
tion can not be completed to a complete arithmetic sequence with first term
m and common difference d. We feel that semigroups generated by such
sequences would give us a model for creating examples of numerical semi-
groups whose cardinality of a minimal presentation and also perhaps the
higher Betti numbers are not bounded functions of the embedding dimen-
sion e. This would then generalize examples defined by Bresinsky [3], [5],
in arbitrary embedding dimension. In light of this study and [4], it seems
that one requires a non-linear dependence between the integers m and e in
order to obtain the right generalization of Bresinsky’s examples.
1. NUMERICAL SEMIGROUPS Γ(e,q,d)(S) AND Γ(e,q,d)(T )
Theorem 1.1. (1) Let e ≥ 4 be an integer, q a positive integer andm =
e + 2q + 1. Let d be a positive integer that satisfies gcd(m, d) = 1.
Let us define S = {m,m + d, (q + 1)m + (q + 2)d, (q + 1)m +
(q + 3)d, . . . , (q + 1)m + (q + e − 1)d}. The set S is a minimal
generating set for the numerical semigroup Γ(e,q,d)(S) generated by
S.
(2) Let e ≥ 4 be an integer, q a positive even integer with q ≥ e − 4
and m = e + 2q. Let d be an odd positive integer that satisfies
gcd(m, d) = 1. Let us define T = {m,m + d, q(m + 1) + (q −
e−4
2
)d + e
2
, q(m + 1) + (q − e−4
2
+ 1)d + e
2
, . . . , q(m + 1) + (q −
e−4
2
+ (e− 3))d+ e
2
}. The set T is a minimal generating set for the
numerical semigroup Γ(e,q,d)(T ) generated by T .
Proof. First of all it is easy to see that both the semigroups Γ(e,q,d)(S) and
Γ(e,q,d)(T ) are numerical semigroups and that follows from the simple ob-
servation that gcd(m,m + d) = 1. We now prove that both S and T are
minimal.
(1) Suppose that (q+1)m+(q+2)d = x1m+x2(m+d), where x1, x2 ≥ 0
are integers. Since x1, x2 both are positivewe have x2 < q+2. The equation
(x1 + x2 − (q + 1))m = (q + 2 − x2)d and the fact that gcd(m, d) = 1
implies that x2 = q + 2− lm, for some integer l ≥ 0. If l > 0 then x2 < 0
gives a contradiction. If l = 0 then x2 = q + 2 also contradicts the fact
that x2 < q + 2. Therefore, (q + 1)m + (q + 2)d does not belong to the
semigroup generated bym andm+ d.
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Similarly, assume that
(q + 1)m+ (q + k)d = x1m+ x2(m+ d) +
k−1∑
i=2
ti((q + 1)m+ (q + i)d),
where x1, x2, ti are nonnegative integers. Then, we can write x2 = (q +
k) − lm − (
∑k−1
i=2 ti(q + i)) for some l ≥ 0. If l > 0, then x2 < 0 gives a
contradiction. If l = 0, then x2 = (q + k)− (
∑k−1
i=2 ti(q + i)) and therefore
x1 = 1− k < 0, which also gives a contradiction.
(2) The proof is similar as in (i). 
Theorem 1.2. (1) The Ape´ry set Ap(Γ(e,q,d)(S), m) for the numerical semi-
group Γ(e,q,d)(S) with respect to the element m is β1 ∪ β2 ∪ β3, where
β1 = {k(m+ d) | 0 ≤ k ≤ q + 1},
β2 = {k(m+ d) + (q + 1)m+ (q + e− 1)d | 0 ≤ k ≤ q + 1},
β3 = {(q + 1)m+ (q + i)d | 2 ≤ i ≤ e− 2}.
The Frobenius number of Γ(e,q,d)(S) is 4q
2+(2e+2d+4)q+e(d+1)+1.
(2) The Ape´ry set Ap(Γ(e,q,d), m)(T ) for the numerical semigroupΓ(e,q,d)(T )
with respect to the element m is γ1 ∪ γ2, where
γ1 = {q(m+ 1) + (q −
e− 4
2
+ k)d+
e
2
| 0 ≤ k ≤ (e− 3)}
γ2 = {k(m+ d) | 0 ≤ k ≤ 2q + 1}.
The Frobenius number of Γ(e,q,d)(T ) is (e+ 2q + d)2q + d.
Proof. (1) Since gcd(m, d) = 1, it is easy to see that the elements of β1 ∪
β2 ∪ β3 form a complete residue system modulo m. Again S is minimal
generating set for Γ(e,q,d)(S), therefore elements of S occur in the Ape´ry set
Ap(Γ(e,q,d)(S), m). Now we show that β1 ⊂ Ap(Γ(e,q,d)(S), m). Note that
k(m + d) < (q + 1)m + (q + 2)d, for each 0 ≤ k ≤ q + 1. Suppose that
x1(m+ d) +
e−1∑
i=2
ti((q+1)m+ (q+ i)d) ≡ k(m+ d)(modm), such that x1
and t2, . . . , te−1 are nonnegative integers. If ti > 0, for some 2 ≤ i ≤ e−1,
we have x1(m+ d) +
e−1∑
i=2
ti((q+1)m+ (q+ i)d) > k(m+ d). This proves
that β1 ⊂ Ap(Γ(e,q,d)(S), m).
To show that β2 ⊂ Ap(Γ(e,q,d)(S), m), we proceed by induction on k. If
k = 0, we have (q+1)m+(q+e−1)d ∈ S ⊂ Ap(Γ(e,q,d)(S), m). Suppose
that, for k = 0, . . . j−1 ≤ q, the element k(m+d)+(q+1)m+(q+e−1)d ∈
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Ap(Γ(e,q,d)(S), m). Let
x1(m+d)+
e−1∑
i=2
ti((q+1)m+(q+i)d) ≡ j(m+d)+(q+1)m+(q+e−1)d(modm).
If x1 ≥ j, then
(x1−j)(m+d)+
e−1∑
i=2
ti((q+1)m+(q+i)d) ≡ (q+1)m+(q+e−1)d(modm)
and the element (x1−j)(m+d)+
∑e−1
i=2 ti((q+1)m+(q+i)d) ∈ Γ(e,q,d)(S).
Since (q + 1)m+ (q + e− 1)d ∈ Ap(Γ(e,q,d)(S), m), we get
(x1− j)(m+ d) +
e−1∑
i=2
ti((q+1)m+ (q+ i)d) ≥ (q+1)m+ (q+ e− 1)d,
and we are done.
If 0 < x1 < j, then
e−1∑
i=2
ti((q + 1)m+ (q + i)d) ≡ (j − x1)(m+ d) + (q + 1)m+ (q + e− 1)d(modm).
By induction hypothesis we have
(j − x1)(m+ d) + (q + 1)m+ (q + e− 1)d ∈ Ap(Γ(e,q,d)(S), m),
hence
e−1∑
i=2
ti((q+1)m+(q+i)d) ≥ (j−x1)(m+d)+(q+1)m+(q+e−1)d.
This proves that β2 ⊂ Ap(Γ(e,q,d)(S), m).
If x1 = 0, we have
e−1∑
i=2
ti((q + 1)m+ (q + i)d) ≡ j(m+ d)+(q + 1)m+ (q + e− 1)d(modm).
Let us consider
e−1∑
i=2
ti((q+1)m+(q+i)d)−[j(m+d)+(q+1)m+(q+e−1)d].
This can be rewritten as
(((
e−1∑
i=2
ti)− 1)(q+1)− j)m+ (
e−2∑
i=2
ti(q+ i) + (te−1− 1)(q+ e− 1)− j)d,
which is clearly nonnegative, since j ≤ q+1. Therefore β2 ⊂ Ap(Γ(e,q,d)(S), m).
Finally, β3 ⊂ S and therefore β3 ⊂ Ap(Γ(e,q,d)(S), m).
Note that a maximal element of the Ape´ry set is (q+1)(e+2q+d+1)+
2q2+ (e+3+ d)q+ e+ (e− 1)d+ 1. Therefore, the Frobenius number of
Γ(e,q,d)(S) is 4q
2 + (2e+ 2d+ 4)q + e(d+ 1) + 1.
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(2) The proof for proving that the set γ1 ∪ γ2 is the Ape´ry set for the nu-
merical semigroup Γ(e,q,d)(T ) with respect to m is similar as in (i). We
observe that, max γ1 = 2q
2 + (e + 1)q + (q −
e− 4
2
+ e − 3)d +
e
2
and max γ2 = (e + 2q + d)(2q + 1). Therefore max γ2 − max γ1 =(
2q2 + qd+
3e
2
+ 3q + 2d
)
−
(
ed
2
)
> 0, since q ≥ e − 4 and e ≥ 4.
Hence, the Frobenius number of Γ(e,q,d)(T ) is (e+ 2q + d)2q + d. 
Theorem 1.3. The numerical semigroups Γ(e,q,d)(S) and Γ(e,q,d)(T ) are
both symmetric.
Proof. (1) First we show that the Frobenius number of Γ(e,q,d)(S), which is
4q2 + (2e + 2d + 4)q + e(d + 1) + 1, is odd. We claim that either e or
d + 1 is even. If e is odd, since gcd(m, d) = 1, where m = e + 2q + 1
then m is even hence d must be odd. Therefore d + 1 is even and our
claim is proved. Hence e(d+1) is even and therefore the Frobenius number
4q2 + (2e+ 2d+ 4)q + e(d+ 1) + 1 is odd.
To show the symmetry of the semigroup Γ(e,q,d)(S), we calculate the gap
g(Γ(e,q,d)(S)) =
1
m
(
∑
w∈Ap(Γ(e,q,d)(S),m)
w)−m−1
2
and prove that g(Γ(e,q,d)(S)) =
F (Γ(e,q,d)(S))+1
2
. Let us first calculate the sum of all elements in Ap(Γ(e,q,d)(S), m).
∑
w∈Ap(Γ(e,q,d)(S),m)
w =
∑
w∈β1
w +
∑
w∈β2
w +
∑
w∈β3
w
=
q+1∑
k=0
k(m+ d)
+
q+1∑
k=0
k(m+ d) + (q + 1)m+ (q + e− 1)d
+
e−2∑
i=2
(q + 1)m+ (q + i)d
=
(m+ d)(q + 1) + (q + 2)
2
+ (q + 2)[(q + 1)m+ (q + e− 1)d+
(q + 1)
2
(m+ d)]
+ (e− 3)[(q + 1)m+ (q +
e
2
)d]
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g(Γ(e,q,d)) =
1
m

 ∑
w∈Ap(Γ(e,q,d)(S),m)
w

− m− 1
2
=
2(
∑
w∈Ap(Γ(e,q,d)(S),m)
w)−m(m− 1)
2m
Putting in the value of
∑
w∈Ap(Γ(e,q,d)(S),m)
w and m = e + 2q + 1 in the
expression for g(Γ(e,q,d)(S)), we get the desired relation between the gap
and the Frobenius number. Hence the numerical semigroup Γ(e,q,d)(S) is
symmetric.
(2) The proof is similar as in (1). 
Lemma 1.4. (1) Let ni = (q + 1)m + (q + i)d, where 2 ≤ i ≤ e − 2.
There is no nonzero element α ∈ Ap(Γ(e,q,d)(S), m) such that α +
ni = k(m+ d) + (q + 1)m+ (q + e− 1)d, for every 1 ≤ k ≤ q.
(2) Let ni = q(m+1)+(q−
e− 4
2
+i)d+
e
2
, where 0 ≤ i ≤ e−3. There
is no nonzero element β ∈ Ap(Γ(e,q,d)(T ), m) such that β + ni =
k(m+ d), for every 2 ≤ k ≤ 2q.
Proof. (1) Case A. Let ni+k
′(m+d) = k(m+d)+(q+1)m+(q+e−1)d,
for some fixed k ∈ {1, . . . , q} and k′ ∈ {1, . . . , q + 1}. From the above
equation we have
(1.1) (i+ (k′ − k)− e+ 1)d+ (k′ − k)m = 0.
Since gcd(m, d) = 1, we have d | (k′ − k). Therefore k′ − k = ℓd and we
get
(1.2) i+ ℓ(d+m)− e + 1 = 0.
We consider the the following possibilities:
(a) If k′ > k, then ℓ > 0. Since m > e, i + ℓ(d + m) − e + 1 > 0,
equation 1.2 is not possible .
(b) If k′ = k, then from equation 1.1 we get i = e − 1, which is not
possible.
(c) If k′ < k, then ℓ < 0. In this case, from equation 1.1 we get i −
ℓ(d+m)− e+1 = 0. Since i− ℓ(d+m)− e+1 < 0, this equation
is not possible.
Case B. Let
ni + k
′(m+ d) + (q + 1)m+ (q + e− 1)d
= k(m+ d) + (q + 1)m+ (q + e− 1)d,
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for some fixed k ∈ {1, . . . , q} and k′ ∈ {1, . . . , q + 1}. Since gcd(m, d) =
1, we have d | (q + 1 + (k′ − k)). Therefore, q + 1 + k′ − k = ℓd, and we
get
(1.3) q + i+ ℓm+ k′ − k = 0.
We consider the the following possibilities:
(a) If k′ > k, then q + i+ ℓm+ k′ − k > 0. In this case equation 1.3 is
not possible.
(b) If k′ = k, then from equation 1.3 we get q + i + ℓm = 0, which is
not possible.
(c) If k′ < k, then from equation 1.3 we get q+ i+ ℓm− (k′− k) = 0.
This is not possible, since ℓm > 2q + 1.
Case C. Let nj = (q + 1)m + (q + j)d, where 2 ≤ j ≤ e − 2, i 6= j. Let
ni+nj = k(m+d)+(q+1)m+(q+e−1)d, for some fixed k ∈ {1, . . . , q}.
Since gcd(m, d) = 1, we have d | (q + 1 − k). Therefore q + 1 − k = ℓd,
and we get ℓm+ q + i+ j − k − e + 1 = 0. Substitutingm = e + 2q + 1
in the above equation we get
(1.4) (ℓ− 1)e+ (2ℓ+ 1)q + ℓ+ i+ j − k + 1 = 0.
Therefore ℓ ≥ 1, since 0 ≤ k ≤ q. We consider two possibilities:
(a) If ℓ > 1, then (ℓ− 1)e+ (2ℓ+ 1)q + ℓ+ i+ j − k + 1 > 0. In this
case equation 1.4 is not possible.
(b) If ℓ = 1, then (2ℓ+1)q+ℓ+i+j−k+1 > 0, which is not possible.
(2) The proof is similar as in (1). 
Lemma 1.5. (1) Each element except the maximal element of the Ape´ry
set Ap(Γ(e,q,d)(S), m) has a unique expression.
(2) Each element except the maximal element of the Ape´ry set Ap(Γ(e,q,d)(T ), m)
has a unique expression.
Proof. (1) We have, Ap(Γ(e,q,d)(S), m) = β1 ∪ β2 ∪ β3, where
• β1 = {k(m+ d) | 0 ≤ k ≤ q + 1},
• β2 = {k(m+ d) + (q + 1)m+ (q + e− 1)d | 0 ≤ k ≤ q + 1},
• β3 = {(q + 1)m+ (q + i)d | 2 ≤ i ≤ e− 2}.
We have k(m+ d) < (q + 1)m+ (q + 2)d, for 0 ≤ k ≤ q + 1. Therefore,
each element of β1 has a unique expression. Let
• n1 = m+ d,
• ni = (q + 1)m+ (q + i)d, 2 ≤ i ≤ e− 1,
• mk = k(m+ d) + (q + 1)m+ (q + e− 1)d for 0 ≤ k ≤ q + 1.
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Then for 1 ≤ k ≤ q, we havemk = kn1 + ne−1 and observe that (m+ d) ∤
mk. By lemma 1.4, ni + α 6= mk, where 1 ≤ k ≤ q, 2 ≤ i ≤ e − 2
and α is an element of Ap(Γ(e,q,d)(S), m). We fix k ∈ {1, . . . q} and let
ai = mk − ni, for every 2 ≤ i ≤ e − 2. If ai ∈ Γ(e,q,d)(S), then there is
an element bi ∈ Ap(Γ(e,q,d)(S), m) such that ai = bi + lm for some l ≥ 0.
Then mk = ni + bi + lm for some l ≥ 0. Since mk ∈ Ap(Γ(e,q,d)(S), m)
we have l = 0, hence mk = ni + bi, which gives a contradiction since
bi ∈ Ap(Γ(e,q,d)(S), m).
(2) The proof is similar as in (1). 
Theorem 1.6. The cardinality of a minimal presentation for both the nu-
merical semigroups Γ(e,q,d)(S) and Γ(e,q,d)(T ) is
e(e−1)
2
− 1.
Proof. Proof is essentially the same as in Proposition 7 and Proposition 8
in [7]. 
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